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Integral Equations:
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Introduction

J AMESON1 showed that the mixed-differencing scheme
could be derived by adding an artificial viscosity term to

the original differential equation. The artificial viscosity
concept has since found wide application in finite-difference
methods. Extension to the integral equation is recent and has
been confined to the equation involving a decay function.2'3 In
this Note, we use artificial viscosity to solve the two-dimensional
transonic integro-differential and integral equations at nodes
located throughout the computational domain. To obtain
results close to the conservative solutions in finite differences,
it is necessary to carry out mixed differencing and to adjust the
velocities immediately downstream of the shock point using an
interpolation formula in a manner analogous to the proposal
by Oswatitsch, as described by Schreier.4 Computation is
carried out for nonlifting parabolic-arc and NACA 0012
airfoils.

Integro-differential and Integral Equations
In conservation form, the two-dimensional-transonic small-

disturbance equation, with an artificial viscosity term, may be
written

For integral equation methods, Eq. (1) is put in the form

V20 = G(x,y) (2)

where

H(x,y) = < = u2

(3a)

(3b)

0, <t>x < 1
(3d)

in which Ax is the stream wise grid spacing. Equation (2) is
solved subject to appropriate boundary conditions on the body
and at infinity. For a normal shock, the following condition
should be satisfied

(4)

where < • > denotes the jump in a quantity across a shock.
Application of Green's theorem to Eq. (2) and subsequent

integration by parts yields the transonic integro-differential
equation (TIDE),

<t>(x,y) = <t>B(x,y) -x, t- (5)

where 4>B and K\ are defined below. The boundary conditions
term is

J_
:27T

* • , x ($~X— sign(y) — arctanl —— (6)

in which AI = (7 + l)/7rAT3/2, where K is the transonic similarity
parameter, F(x) is the thickness distribution, and
y(x) = u(x, + 0) — u(x, —0) is the load distribution.
The kernel is defined as

(7)

Differentiation of Eq. (5) with respect to x yields the transonic
integral equation (TIE)

u(x,y) = uB(x,y) dS
(8)

where UB = d$B/dx and v = (!/TT) arctan(X), in which X is the
height-to-width ratio of the infinitesimal rectangle that sur-
rounds the singularity of the kernel, as described by Ogana and
Spreiter.5

The kernel is

(9)
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Numerical Analysis
The computational domain is divided into TV rectangular

elements, denoted Ai,A2,. . . ,AN. Let Ay have width 26y, height
2/z,, aspect ratio « /= fy/6/, and center with coordinates
(Xj,Yj). Solutions are obtained at the nodes Q\,Q^. . .,QN>
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where Qj has coordinates (x/,>>_/)• If A/ touches the x axis, Qj is
located on the side touching the x axis, such that Xj = Xj. But
if A7 is away from the x axis, Qj is located at the center of Ay.

To give a single description for the numerical solutions of
the TIDE and TIE, we let

K,

for the TIDE

for the TIE

for the TIDE

for the TIE

(lOa)

(10b)

If we apply Eqs. (5) and (8) at Q/ and assume that //is constant
within Ay and takes the value at the node, then we obtain the
nonlinear system

(H)

where

(12)

The matrix elements by may be evaluated by Gaussian quadra-
ture; however, Eq. (12) is straightforward to integrate. The
system in Eq. (11) is solved by Jacobian iteration.

Derivatives and Shocks
Solution of Eq. (11) requires evaluating Hj and, thus, deter-

mining the derivatives in //. From Eqs. (3) it is obvious that
when we solve the TIDE then H is regarded as a function of
0X, but when we solve the TIE it is regarded as a function of
u. How the derivatives in H are evaluated is important for
solving the flow with shocks.

Define the central difference formula

dF
ax

and the backward difference formula

dF
dx

/V-/V-I
Ax

To solve the TIDE requires evaluation of

HJ = (<&)j + 2(/>tP)7

If the node is in a subsonic flow region, the term
evaluated using Eq. (13), where we take

(13)

(14)

(15)

s

(16)

If QJ is in a supersonic flow region, (<t>l)j is evaluated using Eq.
(14). For the artificial viscosity term (/*P) = /x/Py, we evaluate
Pj using Eq. (14) to find

2Ax (Ax2) (17)

If ((/>J)7 is evaluated by central differences throughout, the
predicted shock is weak and is located upstream of the correct
position. Mixed differencing is, therefore, necessary to pro-
duce the appropriate directional bias. In finite differences this
is achieved by approximating the derivative d(^P)/dx using
Eq. (14) and then evaluating the derivatives in P by Eq. (13).
For the TIDE this is not possible, because integration by parts
to yield Eq. (5) eliminates one derivative.

The preceding scheme is supplemented with the normal
shock condition [Eq. (4)], which may be expressed as

us2 = 2 - usi (18)

where w5l and us2 are the velocities upstream and downstream
of the shock, respectively. At each iteration, the quantity us\ is
determined from Eq. (11), but us2 is determined from Eq. (18).

The preceding procedure alone does not yield the correct
conservative solution because there is a slight discrepancy in
values immediately downstream of the shock point. This is
not confined to the current method, but appears to be charac-
teristic of integral equation methods.6 To correct the situation,
we note that the deviation from the conservative solution van-
ishes rapidly downstream of the shock point. Let the node Qs
be at the shock point, where the velocity is determined from
Eq. (18) and is assumed to be accurate. We choose a node
Qs+k, located k rectangles or nodes downstream of the shock
point, at which we consider the deviation to be negligible. It is
sufficient to choose k > 3, but larger k gives better results. We
use Lagrange interpolation to fit a polynomial through the
velocities at Qs, Qs+k and a suitable number of nodes down-
stream of Qs+k- From the interpolating polynomial we now
estimate the velocities at all nodes between Qs and Qs+k- This
method may be applied through some or all of the iterations.
It is analogous to the process described by Schreier4 and at-
tributed to Oswatitsch. The difference is that Oswatitsch used
a parabola to fit the velocities downstream of the shock point,
whereas we can fit a higher degree polynomial and, thus, ob-
tain better accuracy.

To solve the TIE requires evaluation of

Hj = (19)
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Fig. 1 Coefficient of pressure for NACA 0012 airfoil at Moo = 0.63.
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Fig. 3 Coefficient of pressure for NACA 0012 airfoil at Moo = 0.8.

Fig. 2 Coefficient of pressure for a parabolic-arc airfoil of thickness
ratio 0.06, at Moo = 0.87.

In order to solve flows with shocks we make a direct extension
of the procedure described previously. If Qj is in a subsonic
flow region, we take (u2)j = uj. But if Q, is in a supersonic flow
region, we take (w2). = w/_i/2 where w/_i/2 is determined from
Eq. (16). For the artificial viscosity term, the derivative in P is
evaluated using Eqs. (13) and (16). Enforcement of the shock
condition and adjustment of the velocities just downstream of
the shock point are carried out as described for the TIDE.

Results
The computational domain was discretized into four equal

horizontal strips, with each strip divided into 50 rectangular
elements, not necessarily of equal width. This yielded 200
nodes of which 20, equally spaced, were located on the airfoil.
Computation was carried out on a Gould 32 computer. Itera-
tion stopped when the relative error between successive iterates
of u was less than 0.01 at all nodes. For adjustment of the
velocities immediately downstream of the shock point, a
fourth-degree interpolating polynomial was used.

Figure 1 shows the coefficient of pressure plots obtained by
solving the TIDE [Eq. (5)] for a NACA 0012 airfoil in subcrit-
ical flow. Convergence occurred in four iterations. The coeffi-
cient of pressure plots for a parabolic-arc airfoil in supercriti-
cal flow, obtained by solving the TIE [Eq. (8)], are shown in
Fig 2. The corresponding NACA 0012 airfoil results, obtained
from the TIDE, are shown in Fig. 3. Convergence occurred in
eight iterations for the parabolic-arc airfoil and 21 for the
NACA 0012 airfoil. The finite-difference results in Figs. 1 and
2 are from Ballhaus et al.7 Those in Fig. 3 are from the Euler
equation solution by Jameson.8 The present results compare
favorably with finite-difference solutions despite the relatively

small number of nodes used. However, velocities tend to be-
higher in the supersonic zone, particularly just upstream of the
shock. In addition, the NACA 0012 airfoil velocities near the
leading edge tend to differ slightly from the finite-difference
results partly due to the coarse mesh and to the singularity in
the integral, which involves the thickness distribution in Eq.
(6). These characteristics have, however, been displayed in
other integral equation methods.2'6'9
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